A three dimensional surface consisting of the solutions of equation (2) represents the behavior for different values of the independent variables. The independent variables define the control plane beneath the surface. The bifurcation set consists of independent values for which three modes of behavior exists. Two of the three modes are stable, the one in the middle is unstable. Outside the bifurcation set only one mode exists. Changes in independent variables lead to continuous changes in the behavior variable except for places on the edges of the bifurcation set. There, where the upper or lower mode of behavior disappears, a sudden jump takes place to the other stable mode.
In terms of conservation we interpret this as that an increase in cognitive capacity, or a decrease in perceptual misleadingness leads to an increase of conservation, in most cases continuously, and sometimes saltatory. The reverse process is also possible but usually not the dominant direction in development. However, artificial manipulation of cognitive capacity (by shared attention tasks) or misleadingness (by stimulus manipulation) should lead to saltatory regressions.
This cusp model suggest the discrimination of four groups of children. At the neutral point, the back of the surface, the probability of a correct response equals chance level. Both independent values have low values. At the left front the scores are below chance level.
Perceptual misleadingness is high, capacity is low. In middle both independent values are high.
Two behavior modes are possible, above and below chance level. Finally, at the right front the high scores occur. Here perceptual misleadingness is low and capacity is high. Associated with these states are four groups which we call residual group (R), nonconservers (NC), transitional group (TR) and conservers (C), respectively. The residual group consist of children who guess or follow irrelevant strategies because of lack of understanding of test instructions or lack of interest. This group is normally not incorporated in models of conservation development. In this model it is expected that this group is characterized by low values for both independent variables. The nonconserver and conserver children are included in each model of conservation development. Most models also include a transitional group, defined, however, according to all kinds of criteria. In the cusp model the transition period is defined as the period that the subjects stay in the bifurcation set. In this period the possibility of the sudden jump is present. The sudden jump itself is part of this transition phase. The transition includes more than the sudden jump only. There are at least seven other behavioral phenomena typical for the transition period (see below).
A. Routes through control plane
The classification of four groups suggest an expected sequence but this does not directly follows from the cusp model. We need an additional assumption on the direction of change of independent variables as function of age (or as function of experimental manipulation).
To get at a sequence of residual, nonconservation, transitional, and conservation it should be assumed that first, both factors are low, second, perceptual misleadingness increases, third, cognitive capacity increases too, and fourth perceptual misleadingness decreases back to a low level. We discuss this assumption because from literature we know that very young children indeed score at chance level, four to six year olds score below chance level, and later on, they score above chance level (McShane & Morrison, 1983) . The phases of the model of Flavell and Wohlwill (1969) coincide with the nonconservation, transitional, and conservation sequence. The phase in which very young children score at chance level is not included in their model nor in the model of Piaget. This is partly due to issues of measurement. Guessing is not helpful on the classical Piagetian test of conservation in which valid verbal arguments are required. Other test criteria (judgment-only criterion or measures of looking time and surprise) allow for false positive classifications whereas Piaget's criterion suffers from false negatives. In the cusp model we assume the use of the judgment-only criterion of conservation.
What should be clear now is that some assumption on the change of the independent variables is necessary to specify a sequence of behavior. Of course this is also required in the model of Flavell & Wohlwill (1969) .
B. Test of the cusp model: the catastrophe flags
The transitional period, associated with the bifurcation set, is characterized by 8 catastrophe flags, derived from catastrophe theory by Gilmore (1981) . Three of these flags can also occur outside the bifurcation set and may predict the transition. Together, they can be used to test the model. These catastrophe flags are: sudden jump, bimodality, inaccessibility, hysteresis, divergence, anomalous variance, divergence of linear response and critical slowing down. Some are wellknown in developmental research others only intuitively or not at all.
The sudden jump is the most obvious criterion. However, in the case of developmental research, quite problematic. Empirical verification of this criterion requires a dense time-series design. In spite of the many studies on conservation development a statistical reliable demonstration of the sudden jump in conservation ability is lacking. Below we will present data that demonstrate the sudden jump.
Bimodality is also known in conservation research. In van der Maas & Molenaar (1992) we present a re-analysis of data of Bentler (1970) which demonstrates bimodality clearly. Though this seems to be the most simple criterion, applicable to cross-sectional group data of the behavior variable only, some issues arise. In the prediction of bimodal score distribution we combine two flags, bimodality and inaccessibility.
Inaccessibility is implied by the unstable mode in between the two stable modes. In mixture distribution model (Everitt & Hand, 1981) , this inaccessible mode misses. In these models a mixture of two normal (or binomial, etc) distributions is fitted on empirical distributions:
where N is the normal distribution, p defines the proportions in the modes, µ's and σ's the characteristics of the modes. This mixture model takes 5 parameters, whereas a mixture of binomials takes 3 parameters. The number of components can be varied and tested in a hierarchical procedure.
An alternative formulation is found in the work of Cobb and Zacks (1985) . They apply the cusp equation to define distributions of a stochastic cusp model:
where a and b (independent values) define the form of the distribution, s and l linearly scale X, and λ is the integration constant. The 4 parameters a, b, s and l are estimated. It is possible to fit unimodal and bimodal distributions by constraints on the parameters a and b, and compare the fits. The method of Cobb has some limitations (see Molenaar, this volume) , and is difficult to fit to data (for instance in computing λ). Yet, it takes account of the impact of the inaccessible mode, and the computational problems are solvable.
A comparison of possible forms of (6) and (7) leads to the conclusion that their relationship is rather complex. In (6) distributions can be fitted to data defined by µ 1 =µ 2 and σ1>>σ2. Such distributions are not allowed in (7), the modes must be separated by the inaccessible mode.
Hysteresis is easily demonstrated in simpler physical catastrophic processes, but probably very difficult in psychological experimentation. The degree of the hysteresis effect, the distance between the jumps up and down, depends on the disturbance or noise in the system (leading to the so-called Maxwell condition). Below we will discuss our first attempt to detect hysteresis in conservation.
Divergence has a close relation to what is usually called a bifurcation. In terms of the chosen independent variables it means that if, in case of a residual child, perceptual misleadingness as well as cognitive capacity are increased, the paths split between the upper and lower sheet, i.e.
high and low scores. Two children with almost similar start values (both independent variables very low) and following the same path through control plane can show strongly diverging behavior. Again this is not easily found in an experiment. The manipulation of only one independent variable is already difficult. Another choice of independent variables (a motivation factor or optimal conditions factor in another rotation of independent variables, for instance) may lead to an empirical test.
Anomalous variance is a very important flag. Gilmore (1981) proves that the variance of the behavioral variable increases strongly in the neighborhood of the bifurcation set and that drops occur in the correlation structure of various behavioral measures in this period. In developmental For these reasons a longitudinal experiment is required. Special requirements are dense timeseries and precise operationalizations for the flags. This appears to be a difficult task when we rely on the clinical test procedure of conservation. Many re-tests in a short period will have a heavy load on our resources, as well as on the the time of children and the continuation of normal school activities. Moreover, this clinical test procedure has been heavily criticized.We choose to construct a new test of conservation. We describe this test and statistical properties of this test elsewhere (van der Maas et al, submitted), only a short summary will be given below.
B. Instrument: a computer test of conservation
Items
In the clinical test procedure the child is interviewed by an experimenter who shows the pouring of liquids to the child and asks a verbal explanation for the judgment. Only a few tasks are used and the verbal justification is crucial in scoring the response and detecting the strategy that is applied by the child.
The rule assessment methodology of Siegler (see above) has a different approach. Siegler applies much more items which are designed to detect strategies on basis of the judgements only. Although verbal justifications have an additional value, the level of conservation performance is determined by simple responses to items only.
The computer test is based on 4 out of 6 item types of Siegler's methodology. We call them the guess equality, guess inequality, standard equality and standard inequality item types. The guess equality and guess inequality item types compare to Siegler's dominant and equal items.
In the guess item types the dimensions of the glasses are equal. In the equality variant amounts, heights and widths of the liquid are equal before and after the transformation. In the inequality variant one of the glasses has less liquid, is equal in width but differs in height. In these item types the perceptual height cue points to the correct response and should therefore be correctly solved by all children. Consequently, these items can be used to detect children who apply guessing or irrelevant strategies. In view of the criticism of the judgment-only criterion, concerning the possibility of guessing, items like this should be included.
The standard item types, equality and inequality, compare to conflict equal and subordinate items of Siegler. The standard equality item is shown in figure 1 . The dimension of the glasses and liquids differ, whereas the amount are equal. In the initial situation the dimensions are clearly equal. Understanding of the conserving transformation is sufficient to understand that the amounts are equal in the final situation, though multiplication of dimensions in the final situations suffice too.
The standard inequality item starts with an initial situation in which widths are equal but heights, and amounts, differ. In the final situation the liquid of one of the glasses is poured in a glass of such a width that the heights of the liquid columns are then exactly equal (see figure 3 ).
Insert figure 3 about here
Strategies
For all these item types a large variation in dimensions is allowed. In, for example the item in figure 3 , the differences in width can be made more or less salience. We expect that these variations do not alter the classification of children. Siegler makes the same assumption. A close examination of results of Ferretti & Butterfield (1986) show that only very large differences in dimensional values have a positive effect on classification.
Siegler uses 6 item types (each four items) to distinguish between 4 rules. We use instead the two standard item types (figures 1 and 3) and classify according to the strategy classification schema (table 2):   Insert table 2 about here The conservation items have three answer alternatives: Left more, equal, and right more.
These three alternatives can be interpreted as responses 'highest more', 'equal' and 'widest more'
In the second study 101 subjects of 4 classes of one school participated. At the beginning of the experiment the ages varied between 6.2 and 10.6 years old. The four classes are parallel classes containing children of age groups 6, 7, and 8.
We placed a computer in each class and trained the children in using it individually. During 7 months 11 sessions took place. Except for the first session, children made the test by themselves as part of normal individual education. This method of closely following subjects looks like what Siegler & Jenkins (1989) call the microgenetic method, except for the verbal statements on responses which they use as additional information. We can speak here of a computerized microgenetic method. Its main advantage is that it takes less effort, since, ideally, the investigator has only to backup computer diskettes.
Sudden Jump
In order to find evidence for the sudden jump we classified subjects in 4 groups, nonconservers, transitional, conservers and residual on basis of the strategies applied (see below for details). The transitional subjects are subjects who applied both conserver and nonconserver strategies during the experiment. Twenty four of the 101 subjects show a sharp increase in the use of conserver strategies. We corrected the time-series for latency of transition points. The resulting individual plots are shown in figure 4.
Insert figure 4 about here
This figure demonstrates a very sharp increase of conservation score. To judge how sharp we applied a multiple regression analysis wherein conservation score serves as dependent and session (linear) and a binary template of a jump as independent variables. This latter jump indicator consists of zeros for session 1 to 10 and ones for session 11 to 19.
Together the independent variables explain 88 % of the variance (F(2,183) = 666.6, p = 0.0001). The t-values associated with the beta coefficient of each independent variable is t = 1.565 (p = .12) and t = 20.25 (p = .0001), for the linear and jump indicator, respectively.
Actually, the jump indicator explains more variance than a sixth order polynomial of the session variable.
Yet, this statistical result does not prove that this sharp increase is catastrophic. The data can also be explained by a continuous acceleration model, since the density of sessions over time may be insufficient. What this plot does prove is that this large increase in conservation level takes place within 3 weeks, between two sessions, for 24 of 31 potentially transitional subjects.
For the remaining 70 subjects, classified as nonconservers, conservers and residual subjects on basis of strategy use, no significant increases in scores are found. The mean scores on session 1 and 11 for these subjects do not differ significantly, F(1,114) = .008, p = .92. The scores of these subjects stay at a constant level.
The transitional group shows important individual differences. A few subjects show regressions to the nonconserver responses, some apply rare strategies during some sessions, but the majority shows a sharp increase between to sessions. One subject jumped within one test session, showing consistent nonconserver scores on all preceding sessions, and conserver scores on all subsequent test sessions.
Anomalous variance
A special problem in the analysis of anomalous variance is that the conservation test consist of dichotomous items. The variance depends of the test score. We looked for 3 solutions for this problem: inconsistency, alternations, and transitional strategies.
The inconsistency measure is achieved by an addition to the computer test, a repetition of four standard items at the end of test. These additional items are not included in the test score.
The inconsistency measure is the number of responses that differ from the responses on the first presentation. We do not present the results here. In summary, inconsistencies do occur in the responses of transitional subjects but occur more in the responses of residual subjects.
The other two measures concern the application of strategies. The analysis of alternations did not indicate a transitional characteristic. The analysis of strategies, however, did. To explain this we will now describe the results in terms of strategies. The other measures are discussed in van der Maas, Walma van der Molen, and Molenaar (submitted).
The responses to 6 standard items are analyzed by the strategy classification schema. In table   4 the results are shown.
Insert table 4 about here
This table shows some important things. The number of ties is low, hence in the large majority of patterns the classification schema applies well. The NC.h and the C strategy are dominant (80 %). The other cells are almost empty or concern uncommon strategies. NC.p, rule 2 in Siegler's classification, NC.=, i1 and NC.w make out 14 % of the response patterns.
Focusing on the subordinate dimension, NC.weight, is very rare. A statistical test should reveal whether the small number, 6 if guessers are removed, can be ascribed to chance or can not be neglected. Latent class analysis may be of help here.
For the classification of time series, i.e. the response patterns over 11 sessions, we make use of the translation of raw scores in strategies. The classification is rather simple. If NC.h occurs at least once, and C does not occur, the series is classified as NC. If C occurs at least once, and NC.h does not occur, the series is classified as C. If both C and NC.h occurs in the time series it is classified as TR. The remaining subjects and those who apply guess and irrelevant (i2, i3, and i4) strategies on the majority of sessions are classified as R. According to these criteria there are 31 TR, 42 NC, 20 C and 8 R subjects. Note that this classification of time series does not depend on the use of the uncommon strategies, NC.p, NC.=, i1, and NC.w.
Hence it is allowed to look at the frequency of use of these strategies in the four groups of subjects (see table 5 ). 
